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Abstract. The oscillations of the function Z'^{t), t e [0,T] around the main 
part o-(T) of its mean-value are studied in this paper. It is proved that an 
almost equality of the corresponding areas holds true. This result cannot be 
obtained by methods of Balasubramanian, Heath-Brown and Ivic. 



1. Introduction 
1.1. The Titchmarsh-Kober- Atkinson (TKA) formula 



(1.1) 



~25t 



dt = 



c - ln(47r(5) 
2 sin (5 



N 



n=0 



(see [17], p. 131) remained as an isolated result for the period of 56 years. We have 
discovered (see |5j) the nonlinear integral equation 



(1.2) 



Z\t)At 



in which the essence of the TKA formula is encoded. Namely, we have shown in [S] 
that the following almost exact expression for the Hardy-Littlewood integral 

(1.3) f Z\m = ^ m ^ + (c - ln(2.))^ + CO + O (if 



takes place, where ^{T) is the Jacob's ladder, i.e. an arbitrary solution to the 
nonlinear integral equation (|1.2p . 

Remark 1. Our formula ()1.3|) for the Hardy-Littlewood integral 



(1.4) 



dt = 



Z^{t)dt 



has been obtained after the time period of 90 years since this integral appeared in 
1918 with the first result 



dt - TlnT 



(see [3], pp. 122, 151-156). 
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1.2. Let us remind that 

(A) The Good's 51 - theorem (see [2]) impUes for the Balasubramanian formula 
(see m 

(1.5) / Z2(t)dt ~TlnT+ (2c- 1 - ln27r)T + i?(T), i?(r) = 0(Ti/3+') 
that 

(1.6) limsup|i?(T)| = +00, 

i.e. the error term in (|1.5p is unbounded at T — ^ oo. 

(B) In the case of our formula p.3p the error term definitely tends to zero 

(1.7) ^lim^r(r)=0; r(T) ^ O (i^) , 

i.e. our formula is almost exact (see [5]). 
Remark 2 . In this paper the geometric interpretation of ()1.6p and (|1.7p is obtained. 

1.3. For the mean-value of the function |C (^ + it\\^ — where 



z(o-e^''(*)c(^+*<), m 



— In TT + Im In r f — h « — 

2 V4 2 



Z2(t)dt=^ln^ + (c-ln2.)^ + ^ + 0fi^ 



we obtain from (11.3 
1 r 

Let 

(1.9) .(T) ^ ^ In ^ + (c - In 2.)^ + ^ 

denote the main part of the mean- value (|1.8p . In this paper the oscillation of the 
values of the function Z'^{t), t G [0, T] around the main part (t{T) of its mean- value 
are studied. 

Remark 3. The main result of this paper is the following statement: the areas of 
the figures corresponding to the parts of the graph of the function Z'^{t), i e [0, T] 
given by inequalities Z^{t) > a{T) and Z'^{t) < <t{T), respectively, are almost 
exactly equal. 

This paper is a continuation of the series [5]-|l()). 

2. Result 

2.1. Let (sec (fTOl ) 



S+{T) = {t: Z^(t)>a{T), t£ [0,T]}, 
S-{T) = {t: Z'^{t) <a{T), t^[{),T]} 

and 

n+(T) = {{t, y) : a(r) < y < Z^{t), t G 5+(T)}, 
n-(T) = {(t,y) : Z\T) <y< ait), t e 5-(r)}, 
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i.e. n+ is the figure that corresponds to the parts of the graph oi y = Z^{t), t ^ 
[0, T] lying above the segment y — (j{T) and similarly li corresponds to the parts of 
the graph lying under that segment. Let m{n+(T)}, m{n^(T)} denote measures 
of corresponding figures, i.e. 

m{n+(T)}= / {Z^{t)-a{T)}dt, 

(2.3) 



m{n-{T)}= f {a{T) - Z\t)}dt. 

JS-{T) 

The following theorem holds true. 
Theorem. First of all, we have the formula 

(2.4) m{n+(T)} = m{n-(T)} + O (i^) 

(see (lO)) . pT^ . (P?T|) - (P31) '). Next, the structure of the formula ((^ is as follows: 
there are the functions 771 (T), 772 (T) that the following formulae 



(2-5) , , 4 



r X. l+0(l)rln''T 772 .^fhiT 

7T7{n+(r)} = '^o — 

2n^ 7]i - 772 771-772 \ T 



^(n-(r)}. ':°'"^'°'^ -^o(lf 

27r^ 771-772 771 - 7?2 V T 
hold true, and 

(2.6) ^T^/^n^'T < r7i{n+(T)},7n{n"(r)} < ATlnT. 
In addition to (|2.6I) : on the Lindelof hypothesis 

(2.7) m{n+(T)}, 77i{n-(T)} > A(e)^l-^ 
and on Riemann hypothesis 

(2.8) m{n+(T)},m{n-(r)} >Ti-T^. 

Corollary. We have by (HH) 

(2.9) 77i(r)- 772(r) >ylln3T. 
Remark 4. Since from (12.41) 



(2.10) lim [m{n+(r)} - r77{n-(r)}] = 

T— >oo 

follows then we have the almost exact equality of the areas 777,{n+(T)} and 'm{Il~ (T)} . 

2.2. In the case of the Balasubramanian formula ()1.5p we have (comp. (|1.3p . (|1.9p ) 

CTi(T) = lnT + 2c- 1 - ln27r. 

Let 5+ (T) , (T) , n+ (T) , (T) , r77{n+ (T) } , r77{n- (T) } correspond to ci (T) sim- 
ilarly to (PTT|) - (I^ . Then from (IT3)) we obtain 

(2.11) 77i{n+(T)} = m{U-{T)} + 0{T^^^+'), T ^ 00, 
and (see (|1.6p 

(2.12) limsup \m{U+{T)} - m{U^{T)}\ ^ +00. 
Remark 5. The following holds true: 
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(A) Our formula (|1.3p which has been obtained by means of the Jacob's ladders 
leads to the almost exact equality of the areas (see (|2.4I) . (|2.10|) . 

(B) The Balasubramanian formula (|1.5p which has been obtained by means of 
estimation of trigonometric sums leads to the formula (|2.1ip that possesses 
quite large uncertainty (j2.1ip and this error term cannot be removed. 



3. Proof of Theorem 

3.1. We obtain from ((O]), 

(3.1) / {Z'{t) a{T)}dt + [ {Z\t) - o{T)}dt = O 

JS+{T) JS-{T) ^ J 

and from (|3.ip by (|2.3I) the formula 

(3.2) m{n+(r)} - m{n-(T)} = o (i^) 

follows, i.e. (1^ . 

3.2. Next, from the Ingham formula (see W, p. 277, TT, p. 125) 

(3.3) / Z^(t)dt = —Tln'^T + 0(T\n^T) 
Jo 27r^ 

we obtain (see (|1.9I) 

(3.4) / {Z'^{t)-a^{T)}dt=^Tln'T-Ta^{T) + OiT\n^T). 
Jo 27r^ 

Since {ip{T) - T) 

Ta2(T) - O l^^ffiln^ ^} = ©(Tln^T), 
then from p.4p the formula 
(3.5) 
follows. 



/ {ZHt)-<7^(T)}dt^ ^ + "^^V ln"r 
Jo 27r^ 



3.3. Since Z-^it) - a^{T) = {Z^ - cr){Z^ + a) and Z^{t) - a{T) is always of the 
same sign on S^{T) and on S^{T), respectively, then from p.Sp we obtain (see 

m) 

(3.6) rj,{T)m{n+{T)}-m{T)m{n-{T)} = ^^T\n^T, 

where 771 = r]i{T), 772 = V^iT) are the mean- values of Z'^{t) + <t{T) relatively to 
the values of the functions Z'^{t) — a{T) and <j{T) — Z'^{t), respectively on the sets 
S'^{T) and S^{T), respectively. It is clear that 

(3.7) AlnT <T]i{T),r]2{T) < AT^/^ 

(see mH); \Z{t)\ < t^/^). Next, t]i{T) ^ r]2{T) is also true. Since if r]i = 772 then by 
p.2p . (|3.6p . (13. 7p we would have the contradiction. Hence, from the simple system 
of linear equations (|3.2p , (13.61) we obtain (|2.5p . 
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3.4. Since 

(3.8) < 7?i - 7?2 < 771 < AT^'^ 

(see (|2.5p . p.yp ) then we obtain from (|2.5p the lower estimates in (|2.6p . Next we 
have (see (HH), ((23| 

TO{n+(T)},TO{n-(T)} < /" {Z'^{t) - a(T)]dt < AT\nT 

Jo 

i.e. the upper estimates in (j2.6p hold true. 

3.5. Following the Lindelof and the Riemann conjectures the estimates 

Z^it) < A{e)t\ 

take place correspondingly and then the conditional estimates (|2.7p and (|2.8p follow. 

I would like to thank Michal Demetrian for helping me with the electronic version 
of this work. 
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